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The Lorenz number (𝐿) contained in the Wiedemann–Franz law1,2 represents the ratio of two 
kinetic parameters of electronic charge carriers: electronic contribution to the thermal conductivity 
( 𝐾𝑒𝑙 ) and the electrical conductivity ( σ ), through 𝐿𝑇 = 𝐾𝑒𝑙 σ⁄  where 𝑇  is temperature. We 
demonstrate that the Lorenz number simply equals to the ratio of two thermodynamic quantities: 
the electronic heat capacity (𝑐𝑒𝑙) and the electrochemical capacitance (𝑐𝑁) through 𝐿𝑇 = 𝑐𝑒𝑙 𝑐𝑁⁄ , 
a purely thermodynamic quantity, and thus it can be calculated solely based on the electron density 
of states of a material. It is shown that our thermodynamic formulation for the Lorenz number 
leads to the well-known Sommerfeld value 𝐿 = 𝜋2 3(𝑘𝐵 𝑒⁄ )
2⁄  at low temperature limit, the Drude 
value  𝐿 = ( 3 2⁄ )(𝑘𝐵 𝑒⁄ )
2  at high temperature limit with the free electron gas model, and 
temperature-dependent values higher than the Sommerfeld limit for semiconductors. It is also 
demonstrated that the purely electronic contribution to the thermoelectric figure-of-merit can be 
directly computed using high-throughput DFT calculations without resorting to the more 
expensive Boltzmann transport theory to the electronic thermal conductivity and electrical 
conductivity.  
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I. Introduction 
The Wiedemann–Franz law states that for solid electrical conductors, the ratio of the 
electronic contribution to the thermal conductivity (K𝑒𝑙 ) to the electrical conductivity (σ) is 
proportional to temperature (T), and the proportionality constant is the Lorenz number (𝐿) 1,2  
K𝑒𝑙
σ
= 𝐿𝑇 Eq.  1 
The law was established by Lorenz 1 based on the initial observation by Wiedemann and Franz 3 
that "the conductivities for electricity and heat in metals are very closely related to each other, and 
are probably both functions of the same quantity". 4 One particular interest in the Lorenz number 
is concerning with the thermoelectric materials 5,6 for which there is a need to spilt the total therm 
conductivity into the individual electronic and lattice contributions. In certain case, the Lorenz 
number has been assumed to be constant while it has been observed that its value can be reduced 
to half value of Sommerfeld limit. 7,8 
The first attempt to determine the theoretical value for the Lorenz number was made by 
Drude. 9  Using the free-electron model 10 and the classical high temperature limit in which the 
specific heat per charge carrier is constant, 𝐿 = 3 2(𝑘𝐵 𝑒⁄ )
2⁄ , where 𝑘𝐵  is the Boltzmann’s 
constant, e is the elementary charge. On the other hand, using the Fermi-Dirac statistics and the 
low temperature limit in which the electronic heat capacity is linearly proportional to temperature, 
Sommerfeld 7 showed that  𝐿 = 𝜋2 3(𝑘𝐵 𝑒⁄ )
2⁄ . 
While the earlier works assume the Lorenz number to be a constant universal to different 
materials, 4 modern theories 5,11,12 show that the Lorenz number can be temperature-dependent and 
varies with different materials, e.g., nondegenerate/degenerate semiconductors, multiband 
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materials, or Fermi/non-Fermi liquids. Meanwhile, all existing electronic structure computations 
of the Lorenz number employed the Boltzmann transport theory 13–15 which assumes constant 
relaxation time or the mean free path for electron scattering.16  
In this work, we propose a simple theoretical argument to obtain the Lorenz number using 
well-defined thermodynamic quantities 17,18 including the electronic contribution to the heat 
capacity and the electrochemical capacitance. These thermodynamic quantities and thus the 
Lorenz number can be directly calculated based on the electron density of states from first-
principles calculations.19–23 
In Section II we theoretically demonstrate that the Lorenz number is simply the product of 
𝑘𝐵 𝑒
2⁄  and the heat capacity per thermal carrier 𝑐𝑒𝑙 𝑛⁄  where 𝑐𝑒𝑙 is the specific heat capacity of 
thermal carriers and 𝑛 is the carrier density. The detailed computational formulism for Lorenz 
number is presented in Section III with only the electron density of states from DFT as the input. 
We shows in Section IV that the proposed theory recovers the Sommerfeld value as the low 
temperature limit, and in the free electron model, the Sommerfeld value is the upper limit and the 
Drude value is the lower limit; In Sec. V, we present calculated results based on density functional 
theory (DFT) 24 for selected pure metals and semiconductor Si0.8Ge0.2. We discuss the implications 
of the present theory to the efficient calculations of the electronic thermoelectric figure of merit in 
Section VI. Finally, the conclusions are presented in Section VII. 
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II. Theory - revisit the Lorenz number 
We start the discussion with the simplest possible model for the Lorenz number by treating 
the electron system as an electron gas. It is well known that the heat conductivity (𝐾𝑒𝑙) of an 
electron gas can be expressed as 
𝐾𝑒𝑙 = (
1
3
) 𝑐𝑒𝑙𝑣𝜆 
Eq.  2 
where 𝑐𝑒𝑙 is the volumetric specific heat of electrons, 𝑣 is the mean velocity, and 𝜆 is the mean 
free path. For more general cases, the thermal diffusivity of electrons (𝛼𝑒𝑙) 
25 can be used to relate 
the electronic contribution to the thermal conductivity and the electronic contribution to the 
specific heat by  
𝐾𝑒𝑙 = 𝑐𝑒𝑙𝛼𝑒𝑙 Eq.  3 
In direct analogy to the thermal conductivity, we can write down a similar expression for 
the electric conductivity (𝜎) of electrons assuming that the transport mechanism of electrons 
responsible for the electronic heat conduction and electric conduction are the same, 
𝜎 = (
1
3
) 𝑐𝑁𝑣𝜆 = 𝑐𝑁𝛼𝑒𝑙 
Eq.  4 
where 𝑐𝑁  is the volumetric electrochemical capacitance. Therefore, 
𝐿 =
𝐾𝑒𝑙
𝑇𝜎
=
(1 3⁄ )𝑐𝑒𝑙𝑣𝜆
𝑇(1 3⁄ )𝑐𝑁𝑣𝜆
=
𝑐𝑒𝑙𝛼𝑒𝑙
𝑇𝑐𝑁𝛼𝑒𝑙
=
𝑐𝑒𝑙
𝑇𝑐𝑁
 Eq.  5 
Thermodynamically, 𝑐𝑒𝑙 and 𝑐𝑁 are defined as 
𝑐𝑒𝑙 = 𝑇 (
𝜕𝑠𝑒𝑙
𝜕𝑇
)
𝑁𝑒𝑙
 Eq.  6 
and 
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𝑐𝑁 = (
𝜕𝑞
𝜕𝜙
)
𝑇
= 𝑒2 (
𝜕𝑁𝑒𝑙
𝜕𝜇
)
𝑇
 Eq.  7 
where 𝑠𝑒𝑙  is the volumetric entropy, 𝑞 = −𝑒𝑁𝑒𝑙  is the charge densities of electrons, 𝑁𝑒𝑙  is the 
electron density, 𝜇 is the chemical potential of electrons, and 𝜙 = 𝜇/(−𝑒)  is the electrical 
potential. The derivation of Eq.  7 is supported by the Fick’s first law 26 
𝐽 = −α𝑒𝑙∇𝑁𝑒𝑙 Eq.  8 
where 𝐽 represents the particle flux of electrons. Replacing the particle flux 𝐽 with the electrical 
current flux 𝑗 = −𝑒𝐽 followed by further utilizing ∇𝑁𝑒𝑙 = (
𝜕𝑁𝑒𝑙
𝜕𝜇
)
𝑇
∇𝜇 together with 𝜇 = −𝑒𝜙, one 
gets 
𝑗 = 𝑒2α𝑒𝑙 (
𝜕𝑁𝑒𝑙
𝜕𝜇
)
𝑇
∇𝜙 = 𝛼𝑒𝑙𝑐𝑁∇𝜙 = σ∇𝜙 Eq.  9 
 
III. Computational formulism based on electron density of states 
Thermodynamically, one can obtain (𝜕𝑁𝑒𝑙 𝜕𝜇⁄ )𝑇  and 𝑐𝑒𝑙  of a material using only the 
electron density of states calculated from density functional theory (DFT). 24,27  The grand 
thermodynamic potential energy density 𝛯  for an electron system at constant volume can be 
expressed as 
𝑑𝛯 = −𝑁𝑒𝑙𝑑𝜇 − 𝑠𝑒𝑙𝑑𝑇 Eq.  10 
From the finite temperature DFT 27, the concentration of electrons 𝑁𝑒𝑙  in the system is 
determined by 
𝑁𝑒𝑙 = ∫ 𝑓𝐷(𝜀)𝑑𝜀
∞
−∞
 
Eq.  11 
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where 𝜀 is the band energy, 𝐷(𝜀) the volumetric electron density of states, and 𝑓 the Fermi-Dirac 
distribution  
𝑓 =
1
exp (
𝜀 − 𝜇
𝑘𝐵𝑇
) + 1
 Eq.  12 
Therefore, 
(
𝜕𝑁𝑒𝑙
𝜕𝜇
)
𝑇
=
𝑛
𝑘𝐵𝑇
 Eq.  13 
where 
𝑛 = ∫ (1 − 𝑓)𝑓
∞
−∞
𝐷(𝜀)𝑑𝜀 
Eq.  14 
which can be considered as the concentration of the effective mobile charges, or the effective 
concentration of electronic thermal carriers.  Eq.  14 shows that only the electronic states near the 
Fermi level 27,28 contribute to the electric or thermal conduction. In other words, the electron 
system can be viewed as a system made up of effective mobile carriers, 𝑛, which makes the main 
contributions to the electronic heat conductivity, electronic heat capacity, and electronic electric 
conductivity. The concept of the mobile charge/electronic thermal carrier, n in Eq.  14, is clearly 
supported by the understanding that the Lorenz number is related to the specific heat per mobile 
charge carrier (𝐶𝑒𝑙 𝑛⁄ ) by a constant factor. 
Similar, it can be easily shown that 𝑐𝒆𝒍 in Eq.  6 is 
𝒄𝒆𝒍 =
1
𝑘𝐵𝑇2
∫ (𝜀 − 𝜀̅)2(1 − 𝑓)𝑓𝐷(𝜀)𝑑𝜀
∞
−∞
 Eq.  15 
where 𝜀 ̅is the average band energy of the mobile charge carriers or electronic thermal carriers. 
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𝜀̅ =
1
𝑛
∫ 𝜀(1 − 𝑓)𝑓𝐷(𝜀)𝑑𝜀
∞
−∞
 Eq.  16 
With Eq.  7 and Eq.  13, the Lorenz number in Eq.  5 becomes 
𝐿 =
𝑘𝐵
𝑒2
𝑐𝒆𝒍
𝑛
 Eq.  17 
 
IV. Model verification of the proposed theory 
A. The Sommerfeld limit 
We first demonstrate that one can recover the Sommerfeld limit at low temperature from 
Eq.  17. Using Sommerfeld’s low temperature expansion, 29,30 the specific heat 𝑐𝒆𝒍 in Eq.  15 is 
reduced to 
𝑐𝑒𝑙(𝑇 → 0) =
𝜋2
3
𝑘𝐵
2𝑇𝐷(𝜀𝐹) Eq.  18 
where 𝜀𝐹 is the Fermi energy, i.e., the value of 𝜇 at 𝑇 → 0, and 𝐷(𝑥) is volumetric electron density 
of states. The electrochemical capacitance in the low-temperature limit is given by 
𝑐𝑁(𝑇 → 0) = 𝑒
2 (
𝜕𝑁𝑒𝑙
𝜕𝜇
)
𝑇
= 𝑒2
𝑛(𝑇 → 0)
𝑘𝐵𝑇
= 𝑒2𝐷(𝜀𝐹) Eq.  19 
Therefore at 𝑇 → 0, one gets 
𝐿(𝑇 → 0) =
𝑐𝑒𝑙(𝑇 → 0)
𝑇𝑐𝑁(𝑇 → 0)
=
𝜋2
3 𝑘𝐵
2𝑇𝐷(𝜀𝐹)
𝑇𝑒2𝐷(𝜀𝐹)
=
𝜋2
3
(
𝑘𝐵
𝑒
)
2
 Eq.  20 
which is the Sommerfeld value 7 for the Lorenz number which equals to 2.44 × 10−8 W Ω K−2. 
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B. Drude limit 
This section demonstrates that the present theory can recover the Drude value for the 
Lorenz number for ideal electron gas at high temperature. We note that for ideal free electron gas 
at low temperature, one still obtains the Sommerfeld value 7 for the Lorenz number in Eq.  20 as 
the low temperature limit due to the Fermi distribution given in Eq.  12.  
The Sommerfeld model was derived as the low temperature limit for the constant volume 
specific heat capacity with the Fermi-Dirac distribution while the Drude model 9,10 is based on the 
classical high temperature limit (3 2⁄ )𝑘𝐵 for the constant volume specific heat capacity per free 
electron. We demonstrate that the present formulation in Eq.  17 also recovers the Drude model 
result. With the electron gas at the high temperature limit, 𝑓 ≪ 1  so that (1 − 𝑓)𝑓 → 𝑓 →
exp (
𝜇−𝜀
𝑘𝐵𝑇
) in Eq.  14 and Eq.  15. Furthermore, the electron density of states for free electron gas 
can be expressed as 31 
𝐷(𝜀) = {
0, 𝑓𝑜𝑟 𝜀 < 0  
𝐴𝜀1 2⁄ , 𝑓𝑜𝑟 𝜀 ≥ 0
 
Eq.  21 
where A in a constant. Accordingly, the Lorenz number in Eq.  17 becomes 
𝑳 =
𝑘𝐵
𝑒2
1
𝑘𝐵𝑇2
{
∫ exp (
𝜇 − 𝜀
𝑘𝐵𝑇
) 𝜀5 2⁄ 𝑑𝜀
∞
0
∫ exp (
𝜇 − 𝜀
𝑘𝐵𝑇
)
∞
0
𝜀1 2⁄ 𝑑𝜀
− [
∫ exp (
𝜇 − 𝜀
𝑘𝐵𝑇
) 𝜀3 2⁄ 𝑑𝜀
∞
0
∫ exp (
𝜇 − 𝜀
𝑘𝐵𝑇
)
∞
0
𝜀1 2⁄ 𝑑𝜀
]
2
}  
= (
𝑘𝐵
𝑒
)
2
{
∫ exp(−𝑦2) 𝑦6𝑑𝑦
∞
0
∫ exp(−𝑦2) 𝑦2𝑑𝑦
∞
0
− [
∫ exp(−𝑦2) 𝑦4𝑑𝑦
∞
0
∫ exp(−𝑦2) 𝑦2𝑑𝑦
∞
0
]
2
} =
3
2
(
𝑘𝐵
𝑒
)
2
 Eq.  22 
which is exactly the same result by Drude. 10 Numerically the Drude value for the Lorenz number 
equals to 1.11 × 10−8 W Ω K−2  which is nearer to the value of 1.5 × 10−8 W Ω K−2  than the 
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Sommerfeld value of 2.44 × 10−8 W Ω K−2 for non-degenerate semiconductors as given by Kim 
et al. 5 
Figure 1 shows the calculated Lorenz numbers at the Fermi temperature of 𝑇𝐹 =
𝜀𝐹
𝑘𝐵
= 10, 
100, 1000, 3000, 5000, and 100000 K. Due to the proportionality between L and 𝑐𝑒𝑙 𝑛⁄  as given in 
Eq.  17, the y axis on the left hand side is marked using the international unit while y axis on the 
right hand side is marked in 𝑘𝐵  in Figure 1. It demonstrates that the Drude value and the 
Sommerfeld value represent, respectively, the lower and upper limits of the Lorenz number for the 
free electron gas model. 
 
C. Application to ideal semiconductor 
We assume an ideal semiconductor model for which the electron density of states are made 
of the covalence band, band gap, and conduction bands as follows 
𝐷(𝜀) = {
𝐴(−𝜀)1 2⁄ , 𝑓𝑜𝑟 𝜀 < −𝐸𝑔
0, 𝑓𝑜𝑟 −𝐸𝑔 < 𝜀 < 0  
𝐴𝜀1 2⁄ , 𝑓𝑜𝑟 𝜀 ≥ 0
 
Eq.  23 
where 𝐸𝑔 represents the band gap. Based on a typical value of 0.3 eV for 𝐸𝑔,  
Figure 2 shows the calculated Lorenz numbers at the Fermi temperature of 𝑇𝐹 =10, 100, 1000, 
3000, 5000, and 100000 K. It is seen from  
Figure 2 that, at relative high temperatures, for the cases of 𝑇𝐹 =10, 100, and 1000 K, the Lorenz 
number increases exponentially due to the electronic excitation from the covalence band to  the 
conduction band, so-called bipolar excitation, explaining the experimental observed higher values 
32 for the high Lorenz number than the Sommerfeld limit. 
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D. Mobile electronic thermal carriers 
To understand the mobile charge/electronic thermal carrier n in Eq.  14, we plot the 
normalized mobile electronic thermal carriers (n/Nc) in  
 
Figure 3 and Figure 4 for the free electron gas model and ideal semiconductor model, 
respectively, where Nc represents the density of charge carriers (electrons) counted at 0K from 𝜀 = 
0 to the Fermi energy. For the free electron gas model, 𝑇𝐹 =
𝜀𝐹
𝑘𝐵
= 10, 100, 1000, 3000, 5000, and 
100000 K correspond to 𝜀𝐹 = 8.617× 10
−4, 8.617× 10−3, 8.617× 10−2, 0.2585, 0.4309, and 
8.617 eV, respectively.  
𝑇𝐹 =10 and 100 K represent the cases of very low electron densities.  With increasing 
temperature, the amount of the mobile thermal carriers increases rapidly and reaches to that of Nc 
for 𝑇𝐹 =10 and 100 K (  
 
Figure 3). For the case of ideal semiconductor plotted in Figure 4 at 𝑇𝐹 =10 and 100 K, 
with increasing temperature, the amount of the mobile electronic thermal carriers can rapidly 
increase and become larger than Nc, due to the excitation of electrons from covalence band with 
energies lower than -𝐸𝑔. On the other hand, with higher 𝑇𝐹  starting from 3000 K, the number of 
electrons in the system is becoming enough for the system to start to approach to a metal as seen 
also by the Lorenz number plotted in Figure 1 and  
Figure 2. 
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V. DFT calculations and Lozenz number 
A. Selected pure metals 
For realistic applications of the present thermodynamic theory, we consider a number of 
classical pure metals: Ag, Al, Au, Cd, Cu, Li, Mo, Pb, Pt, Sn, W, and Zn in their ground states. 
DFT calculations are carried out employing the projector-augmented wave (PAW) method 33,34 as 
implemented in the Vienna ab initio simulation package (VASP, version 5.3). Spin-orbit 
interactions are not considered. The electron density of states is calculated with an energy cutoff 
of 400 eV and a -centered k-mesh of ~80000 points/atom using the modified Becke-Johnson 
exchange potential in combination with PBE-correlation. 35 The crystal structures and lattice 
parameters from the Materials Project 36 have been used. 
Figure 5 shows the calculated Lorenz numbers for the 12 metals. For the majority of the 
metals, the DFT calculated values are rather close to the Sommerfeld limit or the available 
experimental data from Kittel’s textbook. 31 The exception is Sn, which is poor metal. The values 
for Pt and W show moderate deviations from the Sommerfeld limit, which could be ascribed to  
the fact the lattice contribution is appreciable for the case of W, amounting to 33% on top of that 
electronic contribution at room temperature as calculated by Chen et al. 37. 
 
B. Si0.8Ge0.2 
For detailed application of the present thermodynamic theory for the Lorenz number, we 
consider the classical thermoelectric material Si0.8Ge0.2 as the prototype. DFT calculations are 
carried out employing PAW and the Spin-orbit interactions are not considered. The random 
structure of Si0.8Ge0.2 is mimicked by a 40-atom SQS (special quasi-random structures). 38 The 
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lattice structure and atomic positions are first relaxed with an energy cutoff of 245.7 eV and a -
centered k-mesh of ~4000 points/atom under the local density approximation (LDA). 39 After that, 
the electron density of states is calculated with an energy cutoff of 400 eV and a -centered k-
mesh of ~80000 points/atom using the modified Becke-Johnson exchange potential in combination 
with LDA-correlation. 40,41 To have better description of the band gap (𝐸𝑔), the CMBJ parameter 
has fixed to 1.104 based on the weighted average over the values of 1.09 and 1.16 for Si and Ge, 
respectively.  With these CMBJ values, the calculations can reproduce the experimental band gaps 
for Si and Ge 42. The therefore calculated band gap for Si0.8Ge0.2 is 1.08 eV in agreement with the 
value of 1.05 eV obtained by Ferhat et al. 43 from their least square fit to experimental data. 
Figure 6 shows the calculated Lorenz numbers for Si0.8Ge0.2 at the p-type doping levels of 
𝑛𝐷 =1×10
18, 1×1019, 1×1020, and 1×1021 e/cm3. These doping levels cover the metallic state 
(𝑛𝐷 =1×10
21 e/cm3) and the semiconductor states (𝑛𝐻 =1×10
18, 1×1019, and 1×1020 e/cm3). The 
doping has been implemented under the rigid band approximation 14 as schematically illustrated 
in Figure 7a by shifting the Fermi energy (𝜀𝐹) away from the valence band maximum (𝜀𝑉𝐵𝑀) to 
reach the desired carrier concentration 
𝑛𝐷 = − ∫ 𝐷(𝜀)𝑑𝜀
𝜀𝐹
𝜀𝑉𝐵𝑀
 Eq.  24 
For the semiconductor doping levels of 1×1018, 1×1019, and 1×1020 e /cm3, the Lorenz 
numbers first decreased from the Sommerfeld value of 2.44×10-8 W  K-2 from T = 0 to ~1.5×10-
8 W  K-2 with increasing temperature until the sharp increasing point (more evident for doping 
levels of 1×1018 and 1×1019) ascribed to the bipolar excitation. 32 In terms of 𝑐𝑒𝑙 𝑛⁄ , this 
13 
 
corresponds to a decrease from the Sommerfeld value of 𝜋2 3⁄ = 3.29 𝑘𝐵 into ~2 𝑘𝐵 from 0 K to 
the intermediate temperature.  
Both 𝑛 in Eq.  14 and 𝑐𝒆𝒍 in Eq.  15 are (i) linear with respect T at low temperature; (ii) 
almost constant at intermediate temperature; and (iii) increase exponentially with temperature 
(stronger than n) T at high temperature, accounting for the bipolar excitation 32 (i.e. the excitation 
of electrons from valence bands to conduction bands). The ratio of the mobile charge carrier 
concentration to the nominal charge carrier concentration due to doping,  𝑛 𝑛𝐷⁄ , are plotted in 
Figure 7b and the specific heats per nominal charge carrier, 𝑐𝑒𝑙 𝑛𝐷⁄ , are plotted in Figure 7c. At 
low temperature, both 𝑛 𝑛𝐷⁄  and 𝑐𝑒𝑙 𝑛𝐷⁄  show linearities vs T, obeying the metallic behavior and 
therefore validating the Sommerfeld model. In-depth analysis can be made by decomposing the 
concentration of the mobile charge carriers in Eq.  14 into 
𝑛 = 𝑛ℎ + 𝑛𝑒 Eq.  25 
where 
𝑛ℎ = ∫ (1 − 𝑓)𝑓
𝜀𝑉𝐵𝑀
−∞
𝐷(𝜀)𝑑𝜀 Eq.  26 
𝑛𝑒 = ∫ (1 − 𝑓)𝑓
∞
𝜀𝐶𝐵𝑀
𝐷(𝜀)𝑑𝜀 Eq.  27 
Knowing that when 𝑇 →∞, the value 𝜇 in Eq.  13 by means of Eq.  12 is located in the range 
between 𝜀𝑉𝐵𝑀 and 𝜀𝐶𝐵𝑀. In such case, 𝑓 → 1 and 1-𝑓 → exp [
𝜇−𝜀
𝑘𝐵𝑇
] in Eq.  26 while 1-𝑓 → 1 and 
𝑓 → exp [−
𝜇−𝜀
𝑘𝐵𝑇
] in Eq.  27. As a result, one gets the following expressions for the hole and electron 
charge carrier concentration 31 in the integral form 
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𝑛ℎ(𝑇 →∞) = ∫ exp [
𝜀 − 𝜇
𝑘𝐵𝑇
]
𝜀𝑉𝐵𝑀
−∞
𝐷(𝜀)𝑑𝜀 Eq.  28 
𝑛𝑒(𝑇 →∞) = ∫ exp [
𝜇 − 𝜀
𝑘𝐵𝑇
]
∞
𝜀𝐶𝐵𝑀
𝐷(𝜀)𝑑𝜀 Eq.  29 
where 𝜀𝐶𝐵𝑀  is the conduction band minimum. The temperature dependences of 𝑛ℎ  and 𝑛𝑒 
calculated respectively using Eq.  26 and Eq.  27 are illustrated in Figure 8 using the case of 
𝑛𝐷 =1×10
18 e/cm3. It is evident that 𝑛ℎ  has the meaning of hole concentration and 𝑛𝑒 has the 
meaning of electron concentration. 
At the intermediate temperature range (depending on the doping levels),  𝑛ℎ ≅ 𝑛𝐷 for p-
type doping. This explains why 𝑛 𝑛𝐷⁄  becomes constant at the intermediate temperature range. It 
should note that 𝑐𝑒𝑙 𝑛𝐷⁄  is close to a constant for the low doping levels of 1×10
18, 1×1019, and 
1×1020 at the intermediate temperature range.   
At high temperatures where 𝑛 starts to increase exponentially from zero (depending on the 
doping levels), bipolar excitation is initiated, i.e., the electrons start to occupy the conduction bands, 
shown as the increase in both 𝑛 𝑛𝐷⁄  and 𝑐𝑒𝑙 𝑛𝐷⁄  (more evident for doping levels of 1×10
18 and 
1×1019). 
 
VI. Thermoelectric materials  
A. Relation between Lorenz number and Seebeck coefficients 
It has been of interested studying the dependence of the Lorenz number on the Seebeck 
coefficient (S𝒆) . Kim et al. empirically found out the Lorenz number 𝐿 = 1.5 + exp (−
|S𝒆|
115
) which 
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are claimed to be within 5% for singlen parabolic band/acoustic phonon scattering assumption and 
within 20% for PbSe, PbS, PbTe, and Si0.8Ge0.2 In the previous work, 44 it has been demonstrated 
that the Seebeck coefficient is a thermodynamic quantity and can be calculated solely based on the 
electron density of states  
S𝒆 = −
1
𝑒𝑛𝑇
∫ (𝜀 − 𝜇)(1 − 𝑓)𝑓𝐷(𝜀)𝑑𝜀
∞
−∞
 Eq.  30 
In fact, with the above 𝑆𝒆, the 𝐶𝒆𝒍 in Eq.  15 can be also reformulated as 
𝐶𝒆𝒍 = 𝐶𝝁 −
𝑛𝑒2
𝑘𝐵
𝑆𝑒
2 Eq.  31 
where 𝐶𝝁 is a kind of heat capacity under the condition of constant chemical potential used in the 
BoltzTrap2 code. 45  
𝐶𝝁 =
1
𝑘𝐵𝑇2
∫ (𝜀 − 𝜇)2𝑑𝜀(1 − 𝑓)𝑓𝐷(𝜀)
∞
−∞
 Eq.  32 
Then the Lorenz number in Eq.  17 becomes 
𝐿 =
𝑘𝐵
𝑒2
𝐶𝝁
𝑛
− 𝑆𝑒
2 Eq.  33 
Figure 9 illustrates the decompositions of the Lorenz numbers into the 𝐶𝜇/𝑛  and 
𝑆𝑒
2 contribution to for p-type Si0.8Ge0.2 at 300 K as functions of Seebeck coefficient. Note that this 
calculation has been performed by changing the doping level since the temperature is fixed. It 
shows that the calculation reproduced well  the observed tendencies for typical thermoelectric 
materials 5 on the dependence of the Lorenz number on Seebeck coefficient. 
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B. Electronic contribution to figure of merit of thermoelectric materials 
The knowledge of the Lorenz number 4 is essential in the field of thermoelectrics dealing 
with the energy conversion between heat and electrics. 16 For example, to study the physical reason 
behind the performance of a thermoelectric material, it is often needed to separate the total thermal 
conductivity (K) into the electronic contribution and the lattice contribution ( 𝐾𝑙𝑎𝑡 ) throght  
𝐾 = 𝐾𝑒𝑙 + 𝐾𝑙𝑎𝑡 = σLT + 𝐾𝑙𝑎𝑡. The performance of a thermoelectric material is quantified by the 
figure of merit 46,47 
𝑧𝑇 =
σ𝑆𝑒
2
𝐾𝑒𝑙 + 𝐾𝑙𝑎𝑡
𝑇 Eq.  34 
where 𝐾𝑙𝑎𝑡 is the lattice contribution of the thermal conductivity, and S𝑒 is the Seebeck coefficient. 
Using the Lorenz number, the figure of merit can be rewritten as 
𝑧𝑇 =
𝑧𝑇𝑒𝑙
1 + 𝐾𝑙𝑎𝑡 𝐾𝑒𝑙⁄
 Eq.  35 
where  
𝑧𝑇𝑒𝑙 =
S𝑒
2
𝐿
 Eq.  36 
is called the purely electronic thermoelectric figure of merit. 16 
Consequently, 𝑧𝑇𝑒𝑙 can be evaluated without calculating the electronic contributions to the 
thermal conductivity and electrical conductivity that require the kinetic quantities in the Boltzmann 
transport theory. 13–15 The calculated values of 𝑧𝑇𝑒𝑙 for Si0.8Ge0.2 at the p-type doping levels of 
𝑛𝐷 =1×10
18, 1×1019, 1×1020, and 1×1021 e/cm3 are plotted in Figure 10.  It shows that for the 
doping levels of  𝑛𝐷 =1×10
18, 1×1019, and 1×1020 e/cm3, 𝑧𝑇𝑒𝑙 can be substantially larger than 1. 
Meanwhile by experiment, it was observed that for p-type Si0.8Ge0.2 the 𝑧𝑇 value was mostly 
around 0.6. 48–50  This tells us that for most of the existing Si0.8Ge0.2, the lattice thermal conductivity 
17 
 
must be very high when being compared with the electronic thermal conductivity, e.g. 𝐾𝑙𝑎𝑡 𝐾𝑒𝑙⁄ >
10. Therefore, there is potential to substantially improve the figure of merit of Si0.8Ge0.2 if one can 
find a way to reduce its lattice thermal conductivity.  
VII. Conclusion 
The Lorenz number is the ratio of two thermodynamic quantities, i.e. the electronic 
contribution to the specific heat capacity to the concentration of the mobile charge carriers, or the 
electronic contribution to the specific heat capacity to the electrochemical capacitance of the 
electron system. As a result, the Lorenz number can be calculated directly from the electron density 
of states from DFT calculations, implying a significant simplification over the conventional 
Boltzmann transport theory that requires the details of scattering mechanisms. 
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Figure 1. Calculated Lorenz numbers with the free electron gas model at the Fermi temperature 
of 𝑻𝑭 =
𝜺𝑭
𝒌𝑩
= 10, 100, 1000, 3000, 5000, and 100000 K. 
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Figure 2. Calculated Lorenz numbers with the ideal semiconductor model at the Fermi 
temperature of 𝑻𝑭 =
𝜺𝑭
𝒌𝑩
= 10, 100, 1000, 3000, 5000, and 100000 K. 
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Figure 3. Normalized mobile electronic thermal carriers with the free electron gas model at the 
Fermi temperature of 𝑻𝑭 =
𝜺𝑭
𝒌𝑩
= 10, 100, 1000, 3000, 5000, and 100000 K. 
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Figure 4. Normalized mobile electronic thermal carriers with a semiconductor model at the 
Fermi temperature of 𝑻𝑭 =
𝜺𝑭
𝒌𝑩
= 10, 100, 1000, 3000, 5000, and 100000 K. 
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Figure 5. Calculated Lorenz numbers for pure Ag, Al, Au, Cd, Cu, Li, Mo, Pb, Pt, Sn, W, and 
Zn metals in their ground state crystal structures. The circles are from Kittel’s textbook. 31 
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Figure 6. Calculated Lorenz numbers of Si0.8Ge0.2 at p-type doping levels of 1×1018, 1×1019, 
1×1020, and 1×1021 e/cm3, respectively. 
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Figure 7. (a) Schematic illustration of doping using electron density of states where shadow area 
marks the occupied electronic states at 0 K, 𝜺𝑭 the Fermi energy, 𝜺𝑽𝑩𝑴 the valence band 
maximum, and 𝜺𝑪𝑩𝑴 the conduction band minimum; (b) Calculated 𝒏 𝒏𝑫⁄ , and(c) the calculated 
𝒄𝒆𝒍 𝒏𝑫⁄  at p-type doping levels of 1×10
18, 1×1019, 1×1020, and 1×1021 e/cm3, respectively. 
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Figure 8. Temperature evolutions of  𝒏𝒉 𝒏𝑫⁄  and 𝒏𝒆 𝒏𝑫⁄  at p-type doping levels of 1×10
18 
e/cm3. 
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Figure 9.  𝑪𝝁/𝒏 and 𝑺𝒆
𝟐 contributions to the Lorenz numbers for p-type Si0.8Ge0.2 at 300 K. 
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Figure 10. Calculated 𝒛𝑻𝒆𝒍 = 𝑺𝒆
𝟐 𝑳⁄  at p-type doping levels of 1×1018, 1×1019, 1×1020, and 1×1021 
e/cm3, respectively. 
 
 
 
 
